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a b s t r a c t
The paper presented the Vortex in Cell (VIC) method for solving the ﬂuid motion equations in 3D and its
implementation for parallel computation in multicore architecture of the Graphics Processing Unit (GPU).
One of the most important components of the VIC method algorithm is the solution of the Poisson equation. Multigrid and full multigrid methods were chosen for its solution on GPU. Its speed-up was almost
12 times greater than for the direct Fast Poisson Solver for a single processor. The speed-up for the entire
VIC method implementation on the GPU was 46 times.
Ó 2012 Elsevier Ltd. All rights reserved.

1. Introduction
Many problems in ﬂuid mechanics can be analyzed using vorticity and its evolution in time and space. From this fact there results
great importance in those methods that are based on the vortex
particle method. In this method particles that carry information
about vorticity are used. Tracing the positions of these particles allows one to study how the vorticity has evolved. It is well known
that the distribution of vorticity makes it possible to calculate of
the ﬂuid velocity.
In the vortex particle method, the particles after several steps
have a tendency to concentrate in areas where velocity gradient is
very high. It may lead to spurious vortex structures. To avoid this situation after an arbitrary number of time steps, the redistribution of
particles to regular positions is done. In 2D we noted [5–7] that it is
useful to remesh at every time step. At the beginning the vortex particles are put on numerical mesh nodes. After displacement at every
time step the intensities of the particles are redistributed again onto
the initial mesh nodes. This strategy has several advantages such as
the shortening of computational time and the accurate simulation
of viscosity. In the present paper we implemented this idea in 3D
ﬂow. Since the computations took very long time, we found that
speed-up rendered by parallel computing was necessary.
The VIC method is very well suited for parallel computation.
The Poisson equation for each component of the vector potential
can be solved independently. The remeshing process, which has
to be done at each time step, has a local character and the compu⇑ Corresponding author. Tel.: +48 660462671; fax: +48 713417708.
E-mail addresses: andrzej.kosior@pwr.wroc.pl (A. Kosior), henryk.kudela@pwr.
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tations for each particle can be done independently. Also each displacement of the vortex particle has a local character.
To speed-up calculations we decided to use the multicore architecture of the graphics card (GPU). To ﬁnd out just how much
speed-up would be obtained, we decided to conclude some tests.
In this paper we show procedures for solving algebraic equations
resulting from discretization of the Poisson equation in 3D.
Graphics Processing Units that were developed for video games
provide cheap and easily accessible hardware for scientiﬁc
calculations.
In the next two sections the equations of ﬂuid motion and foundations of 3D VIC method were given. Sections 4 and 5 show how
to speed up the calculations using parallel algorithms on multicore
architecture. In Section 6 we show a numerical example. In the last
section we present a performance of the VIC method using only
GPU for calculation.
2. Equations of motion
Equations of incompressible and inviscid ﬂuid motion have the
following form:

@u
1
þ ðu  rÞu ¼  rp
@t
q
ru¼0

ð1Þ
ð2Þ

where u = (u, v, w) is velocity vector, q is ﬂuid density, p is pressure.
The Eq. (1) can be transformed into the Helmholtz vorticity transport equation:

@x
þ ðu  rÞx ¼ ðx  rÞu
@t

ð3Þ
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where x = r  u. From incompressibility (2) stems the existence of
vector potential A

u¼rA

ð4Þ

Assuming additionally that vector A is incompressible
(r  A = 0) its components can be obtained by solution of the Poisson equation

DAi ¼ xi ;

i ¼ 1; 2; 3

ð5Þ

Solving (5) one is able to calculate the velocity by formula (4).
In vortex particle methods the viscous splitting algorithm is
used. The solution is obtained in two steps: ﬁrst, the inviscid – Euler equation is solved.

@x
þ ðu  rÞx ¼ ðx  rÞu
@t

In the Vortex-in-Cell method, particles have a tendency to gather in regions with high velocity gradients. This can lead to inaccuracies, as the particles are coming too close to one another. To
overcome this problem particles have to be remeshed; that is, they
have to be distributed back to the nodes of the rectangular mesh. In
practice, remeshing is done after several time steps. Usually the
simulation of viscosity is done by solving the diffusion equation
using the numerical mesh. For this reason it is better to remesh
at every time step.
It is done using an interpolation:

xj ¼

X

a~ pn u

p

ð6Þ

In the second step the viscosity effect is simulated by solving
the diffusion equation.

@x
¼ mDx
@t

3.1. Remeshing

ð7Þ



~p 3
xj  x
h
h

ð12Þ

where j is the index of the numerical mesh node, p is the index of a
particle.
Let us assume that x 2 R. In this work, we used the following
interpolation kernel [2,3,7]

8
3
2
>
< ð2  5x þ 3jxj Þ=2 if 0 6 jxj 6 1
uðxÞ ¼ ð2  jxjÞ2 ð1  jxjÞ=2 if 1 6 jxj 6 2
>
:
0
if 2 6 jxj

For the solution of the diffusive equation one can use any suitable method like the Particle Strength Exchange (PSE) method or
the Finite Difference method. In the present paper we featured
only the solution of 3D equation for inviscid ﬂuid (6).

For the 3D case, u = u(x)u(y)u(z).
We require our interpolation kernel to satisfy

3. Description of the VIC method for a three-dimensional case

X x  xp 
u
1
h
p

First we have to discretize our computational domain. To do
this, we set up a regular 3D numerical mesh (j1Dx, j2Dy, j3Dz)
(j1, j2, j3 = 1, 2, . . . , N), where Dx = Dy = Dz = h. The same mesh will
be used for solving the Poisson equation. The continuous ﬁeld of
vorticity is replaced by a discrete distribution of the Dirac delta
measures [2,8]

xðxÞ ¼

N
X

ap ðxp Þdðx  xp Þ

ð8Þ

where ap means vorticity particle ap = (ap1, ap2, ap3) at position
xp = (xp1, xp2, xp3). The i-th component of the vector particle ai is deﬁned by the expression:

ai ¼

Z

xi ðx1 ; x2 ; x3 Þdx  h3 xi ðxp Þ; xp 2 V p ; jV p j ¼ h3

ð9Þ

Vp

X

dxp
¼ uðxp ; tÞ
dt

The velocity at the numerical mesh nodes was obtained by solving the Poisson Eq. (5) by the ﬁnite difference method and (4). In
the sequential implementation, this system of equations was
solved with the Fast Poisson Solver [11]. (In this work we used
an implementation from the FISHPACK numerical library). The system of Eqs. (10), (11) was solved by the Runge–Kutta method of
4th order.

apn dðx  xp Þ

ð15Þ

p

In multiplying (15) by a test function / one can get [2]:

X

a~ pn /ð~xp Þ 

X

p

apn /ðxp Þ

ð16Þ

p

~ pn and ~xp are values from old distribution.
where a
Using (12) we can write:

E¼

X

"

a~ pn /ð~xp Þ 

p

X
j


#
xj  ~xp
/ðxj Þu
h

ð17Þ

To evaluate error E in (17) we have to evaluate the function

X
j

/ðxj Þu

x  x
j
h

ð18Þ

Using (14) the Eq. (18) can be rewritten as

ð10Þ

ð11Þ

X

p

f ðxÞ ¼

We must also take into account that due to the three-dimensionality of the vorticity ﬁeld, the intensities of the particles are
changed by the stretching effect

dap
¼ ½ruðxp ; tÞ  ap
dt

a~ pn dðx  ~xp Þ 

f ðxÞ ¼ /ðxÞ 

where Vp is the cell volume with index p.
From the Helmholtz theorems [14] we know that vorticity in
inviscid ﬂow is carried out by the ﬂuid.

ð14Þ

The discrepancy between the old (distorted) and new (regular)
particle distribution, can be measured by the difference

E¼

p¼1

ð13Þ

x  x
X
j
½/ðxÞ  /ðxj Þu
h
j

ð19Þ

The Taylor expansion of / will yield:

"
#k
k
x  x 
XX 1
j
kd /
ðxj  xÞ
f ðxÞ ¼
u
k
k!
h
dx
j
k

ð20Þ

We may conclude, that if u satisﬁes the following moment condition [2]:

x  x 
X
j
ðx  xj Þk u
¼0
h
j

1 6 jkj 6 m  1

ð21Þ

then
m

f ðxÞ ¼ Oðh Þ

ð22Þ
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and the remeshing will be of the order m. It means that the polynomial functions up to the order m will be exactly represented by this
interpolation.
Kernel (13) used in this work is of order m = 3.

wi;jþ1 þ wiþ1;j  4wi;j þ wi1;j þ wi;j1 ¼ xi;j h

4. Parallel computing

This way we obtained a set of algebraic equations with an unknown vector of stream function wi,j at the mesh nodes. This set
of equations was solved by the Gauss–Seidel SOR and Multigrid
iterative methods.

As can be seen from the description of the VIC method, most
calculations were related to the vortex particles. Those calculations
for individual particles are independent from other particles and
can be done in parallel. Due to the fact that there are a myriads
of vortex particles in the ﬂow (even a few millions) a massively
parallel environment is desired. For our calculations we selected
Graphics Processing Units (GPUs). They have a great computing
power to cost ratio, but required a quite different approach to programming. The GPUs offer a few different types of memory.
One needs to properly recognize problems connected with this
architecture in order to take advantage of its computational power.
To do that we tested different memory types and numerical
algorithms.
GPU’s are built according to SIMD architecture in which all
computational units execute the same command issued by one
instruction unit.
In the following work NVIDIA graphics cards were used. We
chose them because it is easy to create programs for them as they
use a programming language called ‘‘C for CUDA’’ – an extension of
the popular C programming language. The CUDA architecture is
built around the multithreaded Streaming Multiprocessors (SMs).
Using different graphics cards, we can have different numbers of
them. Each SM consists of 8 or 32 Streaming Processors (SPs) (this
number depends on the generation of GPU). Code executed on
CUDA hardware is divided into threads. A thread is a set of instructions that is executed on a single Streaming Processor. All threads
execute the same instructions, but on a different sets of data. To
better ﬁt the data, threads are mapped on the grid (one-, two- or
three-dimensional). The grid is divided into blocks – groups of
threads that will be executed on the same Streaming Multiprocessor. Often there are more blocks than SM’s. In that case additional
blocks wait until one of the Streaming Multiprocessors terminates
the current block. We may talk about a block’s lifetime as the time
during which it is being executed by SM [9]. Division into blocks
allows for greater scalability in executing the software on different
types of GPU.
Parallelization of particle displacement and remeshing was
straightforward. It was enough to map an individual particle to a
single thread. More difﬁcult for implementation was solving the
Poisson equation on numerical mesh. The Fast Poisson Solver
[11] used on CPU could not be efﬁciently used on GPU since that
it is a sequential algorithm. We therefore had to ﬁnd another algorithm. One of the best for our purposes was the Multigrid method.

where

i ¼ 0; 1; 2; . . . ; Nx

j ¼ 0; 1; 2; . . . ; Ny

5.1. Red–Black Gauss–Seidel SOR method
The Gauss–Seidel method is an iterative method for solving the
set of linear equations [1,12]. In sequential computing, calculations
of unknowns can be done in lexicographical order shown in the
Fig. 1. One can take advantage of this fact and rewrite Eq. (24) in
the form:
ðkÞ

wi;j ¼


1
ðk1Þ
ðk1Þ
ðkÞ
ðkÞ
xi;j h2 þ wi;jþ1
þ wiþ1;j þ wi1;j þ wi;j1
4

BðkÞ


1
Rðk1Þ
Rðk1Þ
Rðk1Þ
xi;j h2 þ wRðk1Þ
i;jþ1 þ wiþ1;j þ wi1;j þ wi;j1
4

1
BðkÞ
BðkÞ
BðkÞ
¼
xi;j h2 þ zBðkÞ
i;jþ1 þ ziþ1;j þ wi1;j þ wi;j1
4

zi;j ¼
RðkÞ

zi;j

ð26Þ
ð27Þ

For the Red–Black Gauss–Seidel method we could write:
ðkÞ
wi;j

ðkÞ

¼ zi;j

ð28Þ

But we generalized this by introducing a relaxation parameter

X:
ðkÞ

ðk1Þ

wi;j ¼ wi;j



ðkÞ
ðk1Þ
þ X zi;j  wi;j

ð29Þ

The iterative process converges more quickly if the error function is smoother. Choosing properly the value of X, we can upgrade
the smoothing properties of the Red–Black Gauss–Seidel method.
This property of the iterative scheme is called a smoothing property and the scheme using it is called a smoother [13].

The 3D Poisson equation for the l-component of the vector potential in cartesian coordinates has the form:

ð23Þ

To simplify the presentation we depicted the algorithm for the
two-dimensional version of the Poisson equation. For 2D ﬂows
there is only one non-zero component of vector potential
A = (0, 0, w) and thus the only one Poisson equation Dw = x had
to be solved. A ﬁve point stencil is used for discretization of the
Poisson equation on a rectangular numerical mesh (ihx, jhy). If we
assume additionally that the mesh steps in each direction are equal
(hx = hy = h), we can rewrite Eq. (23) in the form:

ð25Þ

Unfortunately it cannot be used in parallel computing in this
form because we needed all computations to be independent.
What we did here is to split our task into two parts. We divided
our numerical mesh, like a chessboard, into red and black nodes.
It can be seen in the Fig. 2. In the ﬁrst step of this method we evaluated values only at the black nodes by using the value of w at the
red nodes. Thanks to this, the computations of the values at the
black nodes were independent of each other and can be parallelized. In the second step we do the same with the red nodes by
using new values from the black ones. We could now write new
equations in the following form:

5. Parallel algorithms for solution of Poisson equation

@ 2 Al @ 2 Al @ 2 Al
þ 2 þ 2 ¼ xl
@x2
@y
@z

ð24Þ

Fig. 1. Lexicographical ordering.
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Fig. 2. Red–black ordering (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.).

7. VIC method on GPU

5.2. Multigrid method
The Gauss–Seidel method is easy to parallelize but cannot compete with the Fast Poisson Solvers. In the multigrid method one
uses the fact that the Gauss–Seidel method smoothes the error.
The best smoothing relates to the highest frequency error components. A smooth error is well approximated on a coarse mesh. The
Gauss–Seidel method on different mesh levels rapidly reduces the
corresponding high frequency components and as this process covers all frequencies, a rapid reduction of the overall error can be
achieved. It is a very efﬁcient linear solver [13]. Computations
can be done in the so-called V-cycle, which can be seen in Fig. 3.
5.3. Full multigrid method
An initial smoothing of the error for iterative solvers like the
multigrid, can be achieved by nested iteration. The general idea behind the nested iteration is to provide an initial approximation to
the ﬁnest mesh from the coarser meshes. It simply means that a
lower (coarser) discretization level is used in order to provide a
good initial approximation for the iteration on the next higher (ﬁner) level. This combination is called the Full Multigrid (FMG). Typically, the FMG scheme is the most efﬁcient multigrid version [13].
The FMG cycle can be seen in Fig. 3.
6. Test problem
To test the presented algorithms we solved a three-dimensional
Poisson equation with a known solution:

wðx; y; zÞ ¼ sinð2pxÞ  sinð2pyÞ  sinð2pzÞ; x; y; z 2 ½0; 1

were 2n + 1 mesh points in each direction. (This gives eight levels
for the case 257  257  257). Both methods used the Red–Black
Gauss–Seidel smoother and Half-weighting.
The Multigrid method used a simple V-cycle. A different conﬁgurations of pre- and post-smoothing steps was tested and ﬁnally
the V (3, 4) conﬁguration was chosen. A stop criteria for the multigrid method was that the maximal residual was lower then
1.0E  8.
The Full Multigrid method used eight pre-smoothing and 0
post-smoothing steps.
The ﬁnal error of calculations in Tables 1 and 2 and speedup is
presented in Figs. 4 and 5. Computations were performed on: CPU
(Intel Core i7 960), and GPU (NVIDIA GTX 480).
Abbreviations used in Tables 1 and 2 and Figs. 4 and 5: FES –
fast elliptic solver, MGD – multigrid method, FMG – full multigrid
method.

ð30Þ

with two different boundary conditions: the Dirichlet and the
periodic.
We carried out the computation on different meshes and the
time of computation we compared with the Fast Poisson Solver
executed on a single CPU core.
We tested both the Multigrid and the Full multigrid methods.
Computational meshes were prepared so that on each level there

After constructing the Poisson solver on the GPU, we could concentrate on parallelization of the rest of the code. For the time
being it was done in a naively. Every function concerning numerical operations on particles was rewritten in C for CUDA.
This made it possible to execute the whole code on the GPU
without transferring data between the CPU and the GPU. The initial
data was prepared on the CPU and copied to the GPU’s memory.
From this point all of the calculations were done on the GPU, and
memory transfers occurred only when data was being written to
ﬁles.
To check the correctness of our code, we carried out a test concerning movement of a vortex ring. The calculations were done on
a single processor and on a graphics card.
For a thin cored ring with circulation C the Kelvin formula for
the vortex ring velocity is [4]:

U¼

 

 
8R0
1
0
 þO
ln
4
4pR0
0
R0

C

ð31Þ

where R0 is the ring radius and 0 is the core radius (0/R0  1).
We carried out four computational experiments. The parameters of the vortex ring R0 and 0 were constant, R0 = 1.5, 0 = 0.3,
but C 2 [0.25, 1.00] was changed. The computational domain was
2p  2p  2p and a numerical mesh had 129 nodes in each direction. Periodic boundary conditions in all directions was assumed.
The initial condition was given in a form that every node which
fulﬁls equation:

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
x2 þ y2  R0 þ z2 < 20

ð32Þ

obtained the initial vorticity.
To advance in time the fourth order Runge–Kutta method was
used with time step equaling Mt = 0.01.
The results for the applications running on CPU (Intel Core i7
960) and GPU (NVIDIA GTX 480) are shown in the Figs. 6 and 7.
As one can see in the Figs. 6 and 7, the results for computations
using both CPU and GPU for the same number of numerical mesh
nodes are nearly identical. The discrepancy may stem from the fact
that the Fast Poisson Solver that we used on CPU solved the alge-

Table 1
Final error of different methods with the Dirichlet boundary condition.

Fig. 3. Different types of computational cycles used in the multigrid method. Left –
V-cycle, right – full multigrid cycle.

Number of mesh points

FES (CPU)

MGD (GPU)

FMG (GPU)

65  65  65
129  129  129
257  257  257

8.0358e4
2.0082e4
5.0201e5

8.0358e4
2.0082e4
5.0201e5

8.1833e4
2.0374e4
5.0757e5
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Table 2
Final error of different methods with the periodic boundary condition.
Number of mesh points

FES (CPU)

MGD (GPU)

FMG (GPU)

65  65  65
129  129  129
257  257  257

8.0358e4
2.0082e4
5.0201e5

8.0358e4
2.0082e4
5.0201e5

8.2968e4
2.0546e4
5.0835e5

Fig. 4. Speedup of the multigrid method and the full multigrid method comparing
to fast elliptic solver with the Dirichlet boundary conditions.

Fig. 8. Isolines of the vorticity in the vortex ring core after t = 6.0 for the case
C = 1.00 and 129 nodes. Initial vorticity of the core was jxj = 3.54.

Fig. 5. Speedup of the multigrid method and the full multigrid method compared to
the fast elliptic solver with a periodic boundary condition.

Execution time for the application running on the GPU is 46
times shorter then the one using CPU. This is a very signiﬁcant
speed up.
The discrepancy between the results from the analytical Kelvin
formula (31) and our numerical calculation may result from the
fact that formula (31) was derived for the vortex ring with the uniform distribution of the vorticity inside the vortex core. During the
motion of the ring the vorticity distribution in the core changes in
time and is not uniform (see Fig. 8). We noticed also that the
increasing number of the grid nodes improves the agreement
between the theoretical formula and numerical results. We
checked this in computations on a single processor. It is worth
noticing that our results better ﬁt to the formula derived by Hicks
for stagnant ﬂuids inside the core [10]. In formula of Hicks’ the
coefﬁcient 1/4 in (31) is replaced by 1/2. In the Fig. 7 the velocity
calculated from Hicks formula was drawn using a dashed line.

Fig. 6. Results from the VIC method after 600 time steps (t = 6.0) for the case
C = 1.00 and 129 nodes in each direction running on different hardware. Left – CPU,
right – GPU.

8. Conclusions

braic equations exactly. On GPU we use the iterative Multigrid
method. This shows the correctness of our implementation on a
graphics card.

Nowadays it is not difﬁcult to notice that the computational
power of a single processor has stopped rising. Parallel architectures need to be used to deliver the means to speed up computa-

Fig. 7. Velocity of the vortex ring as a function of circulation for calculation on CPU and GPU.
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tion. Developing programs on GPU’s is an interesting alternative to
using the CPU. Thanks to hundreds of streaming processors working in parallel we can get the results faster. The processors also
quite cheap and easily accessible.
An important element of parallel computations is choosing
the right computational method to allow for the effective use
of computer architecture. Moving a sequential program to this
hardware may not be the best solution. As we have shown in
this article, graphics cards are capable of conducting scientiﬁc
computations. The discrepancy in the Fig. 7 could result from
different methods of solving the Poisson equation. On CPU we
used the Fast Elliptic Solver and on GPU we used iterative Multigrid method. As we know Fast Elliptic Solver solves exactly the
discretized problem.
It is obvious that if one wants to have a good resolution of the
physical phenomena, one has to use a ﬁne numerical mesh in computations. That requires greater memory and computational time.
To overcome this problems, one can use many graphics cards. Introducing of multi GPU computation is our aim in the nearest future.
Properly used GPU’s (memory management, parallel algorithms, etc.) allows programs to be executed much faster at
relatively low cost.
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